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Abstract

States and alliances spend enormous resources signaling resolve to deter adversaries.
Two canonical strategies are burning money (sunk costs) and burning bridges (audience
costs). Large audience costs can deter effectively, but they may be infeasible and, even
when feasible, can increase the likelihood of war relative to burning money. We propose
a signaling design in which the defender retains the flexibility to fight or back down
but commits ex ante, before learning its resolve, to a rule mapping realized resolve into
costly actions. When audience costs are limited, this design raises defender payoffs
while reducing the likelihood of war. We discuss implementation through laws and
automated algorithms. We also characterize defender payoffs when audience costs are
chosen endogenously from a feasible set, showing that lowering the maximum feasible
audience cost can raise defender payoffs, and we compare these payoffs with those under
the standard burning-money setting without commitment.
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1 Introduction

Following Russia’s seizure of Crimea, Deputy Secretary of Defense Robert Work explained
that the European Reassurance Initiative—which funded additional rotational deployments
and infrastructure in Eastern Europe—was intended “to signal our resolve and capacity to
deliver” (Work 2014). Two years later, Secretary of Defense Ash Carter similarly stated,
“We're also increasing military exercises with allies and partners to demonstrate resolve and
build their resilience,” while also emphasizing their contribution to interoperability (Carter
2016). Similarly, as NATO prepared in 2016 to establish an enhanced Forward Presence
(eFP) in the eastern part of the Alliance, Secretary General Jens Stoltenberg explained that
it “shows our resolve. It enhances our deterrence” (Stoltenberg 2016). He likewise described
the purpose of NATO’s Trident Juncture 2018 exercise not only as “to strengthen our ability
to operate together,” but also as “to send a clear message. NATO has the capabilities and
the resolve to protect all Allies against any threat” (Stoltenberg 2018). Following Russia’s
invasion of Ukraine in 2022, NATO placed about 40,000 troops under NATO command in the
eastern part of the Alliance and more than 100,000 troops on heightened alert. Stoltenberg
explained: “This is to send a very clear message to Moscow and leave no room for miscalcu-
lation or misunderstanding: an attack on one NATO Ally will trigger the full response from

the whole Alliance. This is deterrence” (Stoltenberg 2022).
Indeed, this logic is embedded in NATO doctrine. NATO’s Allied Joint Doctrine identifies

credibility and communication among the five principles of deterrence (North Atlantic Treaty
Organization 2022, p. 43). It states that NATO must be perceived as possessing both the
“collective will to act” and the capability to do so, and that, in some circumstances, the joint
force should take considered risks to “communicate the strength of the Alliance’s commit-
ment” (p. 44); see also Janzen (2022, p. 19). NATO’s current deterrence guidance similarly
states that exercises contribute to deterrence by communicating the Alliance’s “capability,

readiness and resolve to potential adversaries” (North Atlantic Treaty Organization 2026).

As these examples highlight, to deter an adversary, a state must make its willingness to
defend sufficiently credible. But assertions may not be credible: a state that would ultimately
back down has the same incentive to say that it will fight. States can make such claims more
credible in two fundamentally different ways. They can take costly actions before a challenge
occurs—mobilizing forces, conducting military exercises, accumulating weapons, or under-

taking other costly preparations. Or they can take actions that make backing down costly if



a challenge later occurs—for example, by publicly staking their reputation on a threat.! We
call the first strategy burning money and the second burning bridges or creating audience
costs. Fearon (1997) refers to the corresponding signaling mechanisms as “sinking costs” and
“tying hands.”

Which is the better way to deter an adversary: burning money or burning bridges (cre-
ating audience costs)? Burning bridges has an apparent advantage. Money burned is lost
regardless of what happens next. A cost created by burning bridges, by contrast, is incurred
only if the state is challenged and subsequently backs down. If the threat succeeds in deter-
ring the challenger, or if the state fights when challenged, the cost will not be paid. When

creating audience costs is feasible, it is therefore a remarkably effective approach.

This logic underlies Fearon’s (1997) result that tying hands yields a higher expected payoff
on average than sinking costs. An empirical literature finds evidence consistent with audi-
ence costs (Tomz 2007; Trager and Vavreck 2011; Levy et al. 2015; Li and Chen 2021; Gelpi
and Griesdorf 2001; Weeks 2008; Takei 2024; Crisman-Cox and Gibilisco 2018). However,
evidence that audience costs are typically large enough to generate commitment effects is
thinner (Snyder and Borghard 2011; Katagiri and Min 2019; Trachtenberg 2012; Gartzke
and Lupu 2012; Croco, Hanmer, and McDonald 2021); see Slantchev (2011, pp. 46-62) and
Hoshiro (2026) for reviews and Tang 2026 for a meta-analysis. Moreover, when some chal-
lengers are undeterrable, even sufficiently large audience costs can increase the probability
of war relative to standard sunk-cost signaling by locking low-resolve defenders into fighting
when they would otherwise concede. This raises a natural question: are there better ways

for states to signal resolve?

We introduce a new form of commitment into the classical burning-money approach that
simultaneously increases the state’s payoff and (weakly) reduces the likelihood of war. What
if a state can commit, before it learns its resolve, to how it will burn money once its resolve
is realized? That is, before knowing how much it will value the issue at stake in a future
confrontation, the state chooses a contingent signaling strategy that maps its subsequently

realized resolve into observable costly actions.? The state does not commit to fight. It re-

1. States can also increase their strength. Even absent any information transmission incentives, states
take costly actions to raise their preparedness. For example, if the state can virtually ensure that it will win
a fight against an adversary, that may guarantee deterrence. Our focus is on what states can do conditional
on a preparedness level. More generally, the marginal gains from preparedness actions eventually fall below
their marginal costs. When information transmission incentives are present, states then may go beyond those
levels to communicate information even though such costly actions have minimal effect on preparedness.

2. This approach applies Boleslavsky and Shadmehr 2025’s game theoretical framework to crisis-signaling



tains the choice between fighting and backing down if a challenge actually occurs. Instead, it
commits to how it will signal its willingness to fight after learning its resolve but before the
adversary decides whether to challenge. The next section discusses how laws and automated

algorithms can create this commitment power.

This form of commitment is conceptually distinct from burning bridges. Burning bridges
restricts the state’s future choices by changing the consequences of backing down. Commit-
ment to a burning-money strategy instead restricts the state’s future signaling choice: it de-
termines how the state will communicate after learning information but before the adversary
acts. A state can therefore commit to its eventual response, or it can commit to the process

by which its information is revealed. We characterize when each form is more valuable.

This form of commitment changes the logic of burning money. Without commitment, a
costly signal must be sufficiently expensive to discourage imitation. A resolved state burns
money to distinguish itself from an unresolved state, and the amount it burns must be large
enough that the unresolved state prefers not to mimic it. The cost of the action is therefore

precisely what makes the action informative.

With ex ante commitment, the costly action no longer has to perform this function. The
state chooses the mapping from future resolve into actions before knowing which resolve
will be realized. It can therefore assign different observable actions to its future types in
advance. Conditional on being able to commit to that assignment, the actions need only
be distinguishable; their difference in cost need not be large enough to deter imitation ex
post. Therefore, the state uses the smallest available positive costly action. Commitment
strictly improves the state’s ex ante payoff because it preserves the informational benefit of

separation while reducing the resources that must be burned.

This logic generates a striking reversal of the usual interpretation of costly signals. When
the state is relatively unlikely to be highly resolved, the familiar pattern obtains: the high-
resolve state takes the costly action and the low-resolve state does not. But when high resolve
is sufficiently likely, the optimal assignment reverses. The high-resolve state takes the cost-
less action and the relatively unlikely low-resolve state burns money. The absence of a costly
action then signals greater resolve. We refer to this feature as reversal of meaning. This
reversal of meaning is possible because the meaning of an action is determined by the ex ante

commitment to the signaling rule, rather than by a type’s ex post willingness to incur its cost.

models in international relations.



Does this strengthened form of burning money overturn the advantage of burning bridges
(creating audience costs)? The answer depends on how large a bridge the state is capable of
burning—how large an audience cost the state can create. We show that sufficiently large
audience costs retain a powerful advantage over burning money. But that advantage can
arise through two distinct mechanisms. In the first and most familiar mechanism, burning
bridges does not reveal resolve; it creates ex post resolve. An audience cost can be large
enough that even the low-resolve defender, who would otherwise back down, prefers to fight
rather than incur the cost of retreat. Both types can then credibly stand firm. When all
challengers are deterrable, this approach trivially creates the highest payoff for the defender.
However, even when undeterrable challengers may arise, low-resolve types create no exter-
nality for high-resolve ones: once they create large enough audience costs to lock themselves

into fighting, they will be treated as high-resolve by challengers.

In the second mechanism, burning bridges works as a signaling device. A sufficiently
large prospective cost of backing down makes the low-resolve defender unwilling to imitate
the high-resolve defender. The two types separate, but the audience cost is never actually
paid on the equilibrium path: the high-resolve type fights if challenged, while the low-resolve
type does not send the signal. Burning bridges therefore produces the same information as

burning money without dissipating resources along the equilibrium path.

Whenever the defender can generate an audience cost large enough to achieve at least one
of these two objectives—separating the types or committing the low-resolve type to fight—
burning bridges yields a strictly higher ex ante payoff than burning money. This is the best the
defender can hope for under standard conditions.?> Therefore, this ranking survives even with
the proposed new form of commitment. Ex ante commitment makes burning money cheaper,

but it cannot reproduce these advantages when sufficiently large audience costs are feasible.

Importantly, this ranking reverses when sufficiently large audience costs are infeasible.
With low audience costs, the low-resolve defender now has an incentive to mimic the high-
resolve defender and the equilibrium involves pooling or semi-separation: the low-resolve de-
fender may bluff by taking the same action as the high-resolve defender and then back down
when challenged. Consequently, when audience costs are too low to prevent bluffing (i.e.,

either to induce separation or to change subsequent behavior), committing to how money will

3. In particular, this holds when the defender’s interim payoffs are convex, as we will show is the case
with standard distributions of the challenger’s valuation of the contested object when the expected value is
large compared to the costs of conflict.



be burned provides the defender with a strictly higher ex ante payoff for every interior prior.
The reason is not that the state can burn more money. In fact, commitment makes large
expenditures unnecessary. By assigning actions to future types before learning its resolve, the
state can use the smallest available costly action to communicate information. Even with-
out commitment, burning money outperforms constrained audience costs if and only if the

low-resolve conditions, and hence bluffing and backing down, arise with sufficient frequency.

The two signaling approaches also have different implications for war. Commitment to a
burning-money strategy changes the cost—and sometimes even the meaning—of the signal,
but it does not change the equilibrium probability of war. With and without commitment,
burning money ultimately separates high and low resolve, so war occurs only when a high-

resolve defender encounters an undeterrable challenger.

The audience-cost approach leads to war at least as often as burning money, but for
different reasons. When a large audience cost separates the types without committing the
low-resolve defender (second mechanism above), burning bridges and burning money gener-
ate the same probability of war. When the audience cost instead works by committing the
low-resolve defender to fight (first mechanism), burning bridges generates strictly more war:
some challenges that would have ended in acquiescence now lead to fighting. This is the
familiar danger of tying hands emphasized by Fearon (1997)—the same commitment that

strengthens deterrence can leave a state locked into fighting when deterrence fails.

When audience costs are too small to sustain separation, they also generate strictly more
war, but for the opposite reason. They do not successfully tie the low-resolve defender’s
hands. Instead, they allow bluffing. Because a signal can come from either type, the chal-
lenger sometimes tests a defender it believes may be unresolved and instead encounters the
high-resolve type, which fights. Thus, excess war under burning bridges can arise from two
very different failures of discretion: sufficiently strong audience costs can commit too many
types to fight, while insufficiently strong audience costs can leave too much uncertainty about

which type the challenger faces.

This analysis points to a different way of thinking about the resources that support cred-
ible signaling. One might expect the choice between burning money and burning bridges
(creating audience costs) to depend on both political institutions that create commitment
powers (e.g., audience costs) and economic capacity that enables richer states to sink larger

costs. However, once a sufficiently rich set of burning-money actions includes a small posi-



tive action, the ability to burn still larger amounts is not what makes this approach effective.
With commitment, the state wants to use the cheapest distinguishable signal. Therefore, it
is the defender’s ability to commit to a burning-money strategy, largely affected by political
institutions, not the size of the money burned, that controls the efficacy of burning money
for the defender. By contrast, the largest bridge the state can burn (the maximum feasible
audience cost), also largely affected by political institutions, is decisive. Whether audience
costs are large enough to sustain separation or alter subsequent incentives determines both
the payoff ranking and, in part, the probability of war. The comparison, therefore, shifts

attention from the sheer capacity to dissipate resources toward the institutional capacity.

Our main contribution is to introduce a new form of commitment to burning-money sig-
naling protocols that is robustly better than signaling through audience costs in settings
where states cannot create sufficiently large audience costs to eliminate bluffing—full com-
mitment and full separation through audience costs are both infeasible. This advantage is
robust in the sense that it applies to any (interior) prior and in the sense that it features a
lower probability of war. We show how such a protocol leads to the reversal of the mean-
ing of money burning, where low-resolve types burn money while high types do not. Our
results apply the techniques developed in Boleslavsky and Shadmehr 2025 to crisis signal-
ing settings—see Horz and Simpson (2025), Chen (2025), and Boleslavsky, Jungbauer, and
Shadmehr (2026) for applications to law and online sales platforms. We discuss the feasibility

of such commitment protocols in the next section.

Our secondary contribution is to characterize equilibrium payoffs in settings with limited
audience costs and compare them with payoffs in burning-money settings with and without
commitment. A large theoretical literature investigates various aspects of crisis signaling,
including the endogenous determination of audience costs (Smith 1998; Acharya and Grillo
2019; Ashworth and Ramsay 2024) and variants of the canonical crisis signaling model with
limited audience costs (Tarar and Leventoglu 2013; Kurizaki and Whang 2015). For example,
Kurizaki and Whang (2015, p. 954) consider an exogenously fixed audience cost and show
that as the audience cost shrinks, the equilibrium moves from separating to semi-separating
to pooling. Our contribution here is to show that the defender’s payoff is non-monotone in
the maximum feasible audience cost and that, when feasible audience costs are limited, the
defender’s payoftf under burning money without commitment exceeds that under audience

costs if and only if the defender is a priori sufficiently likely to be low-resolve.



2 Commitment Mechanisms for Signaling Resolve

Our analysis highlights the value of constructing or strengthening mechanisms that enable
commitment to mapping realized resolve into costly actions. In this section, we highlight two

such mechanisms: laws and automated algorithms.

Laws The government can pass laws that map the state’s resolve (e.g., its valuation of the
contested object or other parameters that determine its willingness to fight) into an action.
States already employ systems that combine preestablished plans with observable and costly
actions that aim, at least partly, to signal resolve to defend against attacks. For example, the
U.S. DEFCON (defense readiness condition) system maps a level of threat to prespecified
actions that are both costly and informative about U.S. intentions and resolve. Discussing
DEFCON levels in a meeting of the Executive Committee of the National Security Coun-
cil during the Cuban Missile Crisis, for example, Secretary of Defense Robert McNamara

emphasized both the informational content and the material cost of U.S. readiness:*

any reduction in the state of readiness of U.S. forces would be a sign to the
Soviet Union. The Russians would know immediately if our state of alert was re-
duced. He suggested that no reduction be made today. However, SAC [Strategic
Air Command] should stand down as soon as possible because the present alert

involves burning out large amounts of spare parts.

As another example, the federal regulation establishing Graduated Mobilization Response
(GMR) states that “[t}he GMR system enables the nation to approach mobilization planning
and actions as part of the deterrent response capability and to use it to reduce the probability
of conflict.”® The 1990 National Security Strateqy of the United States similarly called for
plans to “develop graduated responses that will themselves signal U.S. resolve and thus con-
tribute to deterrence.”® Other mappings include DoD Force Protection Conditions (FPCON),
NATO Alert System during the Cold War, and Department of Energy Graded Protection.

These examples illustrate relevant institutional building blocks—preplanned contingent

responses, differentiated observable actions, and costly measures explicitly understood to

4. Foreign Relations of the United States, Volume XI, Document 170.

5. 44 C.F.R. 334.3(c).

6. The White House, March 1990. National Security Strategy of the United States. Washington, DC: The
White House, p. 27. See also National Research Council. 1991. Graduated Mobilization Response: Forging
a Strong Partnership with Industry. Washington, DC: The National Academies Press.
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https://www.govinfo.gov/content/pkg/CFR-2025-title44-vol1/pdf/CFR-2025-title44-vol1-part334.pdf
https://history.defense.gov/Portals/70/Documents/nss/nss1990.pdf
https://www.nationalacademies.org/read/28201/chapter/1
https://www.nationalacademies.org/read/28201/chapter/1

convey information to an adversary. Our results push further in this direction. A state may
benefit from committing—e.g., through legislation—to the mapping between subsequently
realized conditions and costly signals, thereby surrendering some discretion over how it com-

municates while retaining discretion over whether ultimately to fight.”

Automated Algorithms The government can set up automated systems that evaluate
resolve, map it into costly actions, and execute the actions. Automated systems have been
in place since the Cold War and are analyzed particularly in the context of nuclear warfare.
Schwartz and Horowitz 2026 discuss specific programs and provide evidence that automated
systems are perceived as a commitment device. In the burning money setting, automated
algorithms could, e.g., issue warnings that induce costly actions, or even expend ammunition

and equipment without causing casualties.®

3 Model

We begin by outlining the model informally before turning to its formal exposition. We
consider deterrence settings with two canonical forms: burning money and audience costs (or
burning bridges). The two settings have the same structure and differ only in their payoffs.
In both cases, a challenger seeks to obtain an object currently held by a defender. If the
challenger attacks and the defender does not defend, the object passes from the defender to
the challenger. If the defender instead chooses to defend, war follows. War is costly to both

sides, its outcome is uncertain, and the winner obtains the contested object.

The defender’s valuation of the object is private information. Some defender types value
the object enough to fight for it, while others do not. The defender’s valuation can therefore
be interpreted as its resolve to fight in order to preserve the status quo.

In the burning-money setting, the defender takes an early costly action that may signal

how much it values the object. In the audience-cost setting, the defender instead takes an

early action that becomes costly only if the challenger later attacks and the defender backs

7. In the burning-bridges approach, it is difficult to imagine how a country can commit to create audience
costs, e.g., by requiring the government to make certain public statements, and no others, under certain
conditions.

8. In other domains such as online sales platforms, computer algorithms are viewed as commitment
mechanisms on the part of the seller (Boleslavsky, Jungbauer, and Shadmehr 2026).



down rather than fighting.

In the burning-money setting, the defender can commit in advance to an action that de-
pends on its valuation of the object. For example, when the rule of law is strong in a country,
it can pass laws requiring certain costly actions upon learning the value of the contested ob-
ject. The executive agencies responsible for carrying out those actions then act accordingly.

By contrast, it is harder to interpret such a commitment power in audience-cost settings.

Formally, there is a defender and a challenger. First, the defender chooses an action
s€ S5 =10,81,82, -+ ,sy} with 0 < 81 < $9 < --- < 5:= sy. Next, the challenger observes
the defender’s action and then chooses a € {0,1}, where 1 means “attack” and 0 means
“don’t attack.” If @ = 0, the game ends. If a = 1, then the defender chooses b € {0,1}, where

1 means “fight” and 0 means “don’t fight,” payoffs are realized, and the game ends.

When we need to distinguish between the settings, we use the superscript b for the
burning-money setting and ¢ for the audience-cost setting. For example, S? refers to the set of
available actions (signals) and s} to the smallest strictly positive action (signal) in the burning

money setting, and 5* := s refers to the largest action (signal) in the audience cost setting.

There is a state of the world (w,v.) € {w,wl} x Ry with 0 < w! < w#, where w, v, > 0
are the values of the contested prize to the defender and challenger, respectively. We refer to
the defender with w = w! as the high type and the one with w” as the low type. Let u(a, b, v,)
be the challenger’s payoff, v°(s, a, b, w) be the defender’s payoff in the burning money setting,

and v'(s, a, b, w) be the defender’s payoff in the audience-cost setting:

uw(a,b,v.) = a(b ((1=pv.—c.)+ (1 —"0)v,.) (1)
v (s,a,b,w) = (1 —a)w+ab(pw —cq) — s (2)
v'(s,a,b,w) = (1 —a)w+ ablpw — cq) — a(l — b)s, (3)

where p € (0,1) is the probability that the defender wins a war with the challenger, and

¢4, c. > 0 are the costs of war to the defender and challenger, respectively.

The first component of the state, w, is the private information of the defender, and its
second component, v, is the private information of the challenger. w and v, are independent
from each other, and players share a prior that v. ~ F and that Pr(w = w#) = yy € (0,1). F
is the CDF with density f, where F'(0) = 0, and F'(z) is twice-differentiable and f(z) > 0 for
z € (0,c./(1 —p)). We denote a posterior belief after a signal s by p, = Pr(w = w|s). We



denote by 9°(uus, s) and 0% (u15, s) the defender’s expected (interim) payoff, given a signal s with

the associated posterior ug, in the burning-money and audience-cost settings, respectively.

The game without commitment proceeds as follows:

1. Nature determines w and v..

2. The defender observes w and chooses s.

3. The challenger observes v. and s and chooses a.
4. The defender observes a and chooses b.

5. Payoffs are realized, and the game ends.

In the burning money setting, we further analyze an environment in which the defender,
before learning the state w, commits to a strategy of choosing s. That is, the defender, before
observing w, commits to a strategy 7 (s|w) : {w’, w#} — A(S) that maps w to a probability

distribution over S.° The timing of the game in this setting is as follows:

1. The defender commits to m(s|w) and this mapping is observed by the challenger.
2. Nature determines w and wv,.

3. The defender observes w and chooses s according to m(s|w).

4. The challenger observes v. and s and chooses a.

5. The defender observes a and chooses b.

6. Payoffs are realized, and the game ends.

We focus on sender-optimal perfect Bayesian equilibria that satisfy the D1 criterion
(Banks and Sobel 1987). Given parameters, a sender-optimal equilibrium is one that maxi-

mizes the sender’s (defender’s) ex ante payoff.

The following notation will simplify the exposition:

W' =pw' —cq,i € {L,H},§ =wi —WH, va(p) = 1,ucc By, =Fvi(p)),
— Hp

9. Commitment power in audience-cost settings seems substantively implausible. For theoretical com-
pleteness, the results for the audience-cost setting with commitment are in Proposition 11 in Appendix C.

10



where 1 is the challenger’s belief that w = wf. W' is a type i defender’s payoff from war, and
0 is the high type’s expected marginal gain from deterring the challenger over going to war
with the challenger. If W, W# > 0, neither signaling through burning money nor creating
audience costs has any value. If WX, W# < 0, signaling through burning money has no value

and hence the comparison is straightforward. Thus, we focus on settings in which
wh<o<wh,

so that, under the default of s = 0 in (2)-(3), a high-type defender will defend if attacked,
but the low-type defender will not.

We collect the assumptions used in the analysis below. We specify the parts that are used

in each proposition.

Assumption 1. (i) The defender’s interim payoff in the burning-money setting, 0°(u, s)

in equation (6), is strictly convez in L.

(ii) The smallest strictly positive signal in the burning-money setting is sufficiently small:

(Fwh (ii-a)

sh < (Fy — Fo5) 0 — Fo5 w* (ii-b)

gt
P —— ii-
\( 1 wL—i—Et) 0 (ii-c)

(iii) The set of feasible signals in the burning-money setting is rich in the following sense:

Fiwhesh (iii-a)

S*N (5,54 (Fy — Fuy)8) # 0 for any s € S°N [0, F,, w"] (iii-b)

Assumption 1-(i) is satisfied with common distributions of the challenger’s valuation v,
such as uniform, exponential, and lognormal in natural settings where the challenger’s ex-
pected valuation normalized by the cost of war, E[v.]/c,, is sufficiently large—see Proposition

9 in the Appendix.

11



The remaining assumptions are technical, concerning the richness of the action (signal)
space in the burning-money setting S°. We state them to invoke the exact requirements
in each result; 1-(ii) means that small actions (signals) are feasible. The right-hand side is
strictly positive: wl, Fy > 0; 1-(ii-b) is only invoked together with 1-(i), under which the right-
hand side of (ii-b) is strictly positive (see Remark 1 in the Appendix); 1-(ii-¢) is only invoked
when 3 is sufficiently small that the right-hand side is strictly positive. 1-(iii) ensures that
the results are not driven by the coarseness of the action (signal) space; e.g., (iii-a) ensures

that the signal that maximizes the defender’s payoff among separating equilibria is feasible.

4 Burning Money and the Reversal of Its Meaning

We begin with the burning-money setting. Let a(us, s,v.) and B(w, s) be the equilibrium
values of a and b, respectively. From (2) and W% < 0 < W# | the defender defends against

an attack if and only if w = w!:

b(w, s) = L(w = w). (4)

Anticipating this, from (1), a challenger with a belief u attacks if and only if v, > v} ().
Therefore, from the perspective of the defender at the beginning of the game, upon observing

a signal s, the challenger will attack with probability
1= Fy,, (5)

where p is the challenger’s belief upon observing signal s. Combining (2), (4), and (5), the

defender’s interim payoff is

~

/ﬁb(/vbsws) = Eus,vc vb(s,a(,us,s,vc),b(w,s),w)

= —s+(1-F,) WH s+ F, (psw™ + (1= pg)w®). (6)

Proposition 1 (Burning Money without Commitment). Suppose Assumption 1-(iii-a) and
(111-b) hold. Consider the burning-money setting without commitment. In equilibrium, the

defender chooses s = Fiw? when w = wf and s = 0 when w = w’; the challenger attacks

12



when s < Fyw" or v. > v*(1), upon which the defender fights if and only if w = w!.

Proposition 1 shows that burning-money settings without commitment lead to separation,
in which high types choose the least costly action that prevents low types from imitating.
It is a canonical benchmark that appears in different forms in the literature (Fearon 1997,
pp. 75-76; Reich 2026, p. 17; Slantchev 2011, p. 33). Other equilibria where low types pool
with high types are not sustainable by D1 refinement, which requires the challenger to have
reasonable beliefs off the equilibrium path, and by the sender optimal equilibrium selection,

so that the low type separates when indifferent.!?

The equilibrium minimizes the chances of war by deterring all deterrable challengers
when the defender is of high type, and through concession when the defender is of low type.
However, information transmission is costly as high types must burn just enough money to

preclude imitation by low types.

The cost of this approach stems from the need for the high type to take sufficiently costly
action. Our key observation is that if the defender could, ex ante, before learning its type,
commit to a burning-money strategy, it could maintain separation while reducing the sig-
naling costs of information transmission. This commitment amounts to the defender ex ante
choosing a mapping 7(s|w) from its type w € {w* w#} into a probability distribution over
its actions SP.

Figure 1 illustrates the logic. Dashed lines are the defender’s interim payoffs 9°(yu, s) for
s € 5°=1{0,0.1,0.15}. ©°(u, s) is the defender’s payoff if it takes action s and the belief that
it is a high type is p. Of course, not all such beliefs are feasible: a rational challenger makes
inferences about the defender’s type upon observing the defender’s action s. The defender,
of course, would like to somehow induce the challenger to believe that it is a high type by
doing the free “action” of doing nothing s = 0—it wants to be at the most extreme northeast
corner: 0°(u = 1,5 = 0). But it cannot: If the defender always does nothing, the challenger
will maintain the prior po. What can the defender achieve and how? Proposition 2 describes

the answer.

Proposition 2 (Burning Money with Commitment). Suppose Assumption 1-(i), (ii-a), and

(11-b) hold. Consider the burning-money setting with commitment. In equilibrium,

10. This latter choice is a technical assumption with no substantive consequences when the action (signal)
space is sufficiently rich. Without it, high types would choose a larger signal than Fyw’ to separate themselves.

13



o If uop < 1/2, the defender sends s = 5% when w = w and s = 0 when w = w*. The
challenger challenges if and only if s =0 or v. > vi(1), upon which the defender fights

if and only if w = w™.

o If uog > 1/2, the defender sends s = 0 when w = W and s = s} when w = w*. The
challenger challenges if and only if s = s° or v, > v} (1), upon which the defender fights

if and only if w = w™.

For any po € (0,1), commitment power strictly improves the defender’s ex ante payoff.

Proposition 2 shows that the defender continues to separate with commitment power but
uses very different signals to do so. When the high type is unlikely, as before, the low type
does nothing, while the high type takes a costly action. However, this action is the least
costly positive action. It no longer needs to be sufficiently costly to prevent imitation by the
low type. It only needs to be an action different from the free “doing nothing” action of the

low type. This already saves the defender the cost of money burning.

Remarkably, when the high type is likely, the defender’s behavior changes starkly. Now,
the high type will take no action, while the low type takes a costly action. That is, burning
money now reveals that the defender has low resolve. Intuitively, if the defender wants sep-
aration, it only needs to ensure that different types take different actions. To save money,
these actions should be either to do nothing or to take the least costly action. But which type
should take which action? The type that is ex ante less likely should take the more expensive

action, and the type that is ex ante more likely should take the less expensive action.

Proposition 2 applies the techniques developed in Boleslavsky and Shadmehr (2025). We
now describe the logic of this result in more detail. Recall that the defender would like to
burn no money s = 0 and at the same time induce the challenger to believe it is a high type.
But it cannot; e.g., if all types always do nothing, then no information is transmitted, and
the challenger’s belief remains at the prior. What restrictions does the defender have, and
how can it maximize its payoffs subject to those restrictions?

Adopting the analyses of Kamenica and Gentzkow (2011) and Boleslavsky and Shadmehr
(2025), the defender faces two simple restrictions. First, beliefs and expectations must satisfy
the law of iterated expectations. In particular, if action (signal) s induces a belief p; and
if action s is taken with probability 7, then: E. |[us] = E,[E[1{w = wf}|s]] = E,[1{w =

wi}] = pg. Because action s induces jug, (7,),cq is effectively a distribution over posteriors.
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Figure 1: Burning Money with Commitment

Moreover, any combination of posteriors that satisfies the law of iterated expectations can be
induced by an appropriately chosen mapping 7(s|w). In particular, by (ex ante) committing
to a signaling strategy m(sjw) : {w”,w} — A (S?), the defender can “split” any prior belief

of the challenger 1o into several posterior beliefs:

ZTSMSZMO s.t. 27'5:1 and 7, >0, (7)

sesb sesh

where 7, here is the probability that action (signal) s € S° is sent, and hence the posterior y,
is induced. Second, each action s € S can induce only one posterior belief. It follows that
the defender can produce any convex combination of its interim payoffs {0°(us,s) : s € S°}

that satisfies the law of iterated expectations:

max Y 7 0(ps,5) st (7). (8)

(Ks:Ts) g gb
SIsESY segh

The optimization (8) is simply the convex combination of the set of all defender’s interim
payoffs with the restriction that each interim payoff must be used at most once: a convex

combination cannot use two points from the same interim payoff graph, because that would
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imply that the same action (signal) induces two different posterior beliefs. This is the topo-
logical join of a set of interim payoff graphs, {0°(us,s) : s € S*}. The shaded area in Figure
1 shows the join. At any given prior u = pug, the defender wants to create the maximum
value of the join, the join envelope, shown in the figure by solid black lines. We note that,
in contrast to the Bayesian persuasion literature, in which the convex hull and concave en-
velope are the relevant objects, the join set is not generally convex and the join envelope is

not generally concave—e.g., it is convex here.

Figure 1 provides a simple characterization of the defender’s optimal commitment strat-
egy. Reading off the join envelope, the solid black line, when the high type is ex ante unlikely
(o < 1/2), the defender splits the prior into two posteriors y = 0 and = 1: when s = 0, the
posterior is pis—g = 0; when s = 0.1, it is ps—o1 = 1. That is, the low type burns no money,
and the high type burns the minimum available amount s = 0.1. There is full separation, but
at a minimal cost: because the defender has committed to the mapping 7(s = Olw = w®) =
(s = 0.1|w = w!?) = 1, the low type is not able to imitate the high type. The cost of signal-
ing here stems from the need to take an action different from the free action of the low type,

not from the need to take an expensive enough action that prevents the low type’s imitation.

By contrast, when the high type is ex ante likely (1o > 1/2), the defender still splits the
prior into two posteriors ;4 = 0 and 1, but reverses the signals used to induce them: when
s = 0, the posterior is us—¢ = 1, not 0; when s = 0.1, it is ps—o.1 = 0, not 1. That is, the high
type burns no money, and the low type burns the minimum available amount s§ = 0.1. Be-
cause the defender has committed to the mapping 7(s = 0.1jw = W) = 7(s = O)w = W) =1,
the low type cannot imitate the high type. The defender could still employ the strategy of
having high types burn money, while low types do nothing. That would still save the defender
money compared to the setting without commitment in which the high types would take even
more costly actions. But the defender can do better by reversing the meaning of the actions:
burning money means low type, while doing nothing means high type. The low type will have
strictly negative payoffs: they take a costly action and back down. But they are unlikely to

arise, and the costs saved by the likely high types more than compensate for those losses.

Through the reversal of the meaning of burning money, the defender can significantly re-
duce the costs of the burning-money approach and raise its payoff. As Figure 2 demonstrates,
this commitment power generates most value exactly when the high type is more likely, and

hence burning money without commitment, or even with commitment but without reversal
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of meaning, is most expensive.

5 Awudience Costs

We now analyze the audience-cost setting and then compare the defender’s ex ante payoffs
in the two settings. We distinguish between the settings in which audience costs can be large
and those where they cannot.

H

Upon the challenger’s attack, the defender fights if w = w!’ or —s < pw” — ¢;. Thus, the

defender’s interim payoff is

o' (s, 5) 9)
= L(—s>pw” = cq) [F (0} (1s)) (psw™ + (1 = ps)w™) + (1 = F (v} (p1s))) (s (pw™ = cq) — (1 = p1s)s)]

+ 1(=s < pwt —cq) [F1 (pew™ + (1= po)w™) + (1 = F1) (ps(pw’ — ca) + (1 — ps) (pw” — ca))] -

5.1 Large Audience Costs

Consider settings where sufficiently large audience costs are feasible:

: F
5 > s* := min {—pr + cq, ! wL} ,

where we recognize that s* is a function of p, ¢4, w”, and F;. We use the convention that
+a/0 = £ oo for a > 0. Moreover, s* is weakly increasing in F, the likelihood that the
challenger does not attack if it is sure that the defender will defend, with limp, 9 s* = 0 and
limp, . 8* = —pw® + ¢4 > 0. In particular, if the challenger attacks almost surely even if it

knows that the defender will defend upon an attack (F; = 0), then we are in this setting.

Proposition 3 (Large Audience Costs). Suppose 5° > s*. In the audience-cost setting,

o If —pwl +c4> 12?1 wl, the defender sends some s > 12?1WL when w = w and sends
s = 0 when w = w¥; the challenger challenges when s < 15}7le or v, > vi(1), upon
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which the defender fights if and only if w = w?.

o If —pwl +¢y <

1ﬂp1 wh, each type of the defender sends a signal s > c4 — pw”. The
challenger challenges when s < cq — pw™ or v, > v’(1). Both types of the defender fight

when challenged on the equilibrium path.

We note that in the second equilibrium, the two types of the defender do not have to send
the same s > ¢q — pw”. Even if they send different s’ and s” # s', these signals constitute an

equilibrium that induces the same probability of attack and war, as long as s, s” > cq — pw’.
Intuitively, the low type can choose s > |pw® — ¢4| to commit itself to fighting if attacked,
thereby transforming itself into the high type from the challenger’s perspective. The low

type will do that whenever

F
1 —lFle > —pwh + ¢y, (10)

Fiwf + (1 — F)(pw* —c) >0, ie

where 0 is the low type’s payoff if the challenger attacks and the defender does not defend.

This logic has nothing to do with information transmission, and it is exactly the second equi-

librium in Proposition 3. When (10) is reversed, the weak type does not want to commit.

Instead, it wants to imitate the high type and reduce the probability of attack to 1 — F}, but

backs down if the attack actually happens. But the high type can always choose a high enough

signal to make imitation unattractive to the low type. If the high type takes s > |pw® — ¢4,
F

the low type would not imitate. In fact, even if the high type takes s > ﬁwL, the low type

will not imitate because

F
Fl(,{)L—I-(l—Fl)(_S) SFIWL+<1_F1> (_1 ]_F wL) :O
— 41

That is, if 3¢ > f—lFle, the high type can choose a signal that the low type would want to
imitate if and only if it wants to follow through and defend against an attack. Importantly,

the low type would want to do so exactly when (10) holds. But then, the low type would not
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need to pretend to be the high type; it could commit on its own by taking s > |pw® — cq4.

With full separation or the low type’s commitment to defend if attacked, it follows that
the defender’s ex ante payoff (under the prior) is linear in the prior yo. The red line in Panel

(a) of Figure 2 demonstrates this.

Thus, in large audience-cost settings where s > s*, signaling has value if and only if

T £ i wl < —pw? 4 ¢4. Otherwise, the commitment of burning bridges alone, without any
signaling value, delivers the results. Moreover, when 15_}?1 wl < —pw” + ¢4, so that signaling

has value in the audience-cost setting, combining Propositions 1 and 3 reveals that signal-

ing requires a more costly available signal in the audience-cost setting, ; - T w”, than in the

Iy L
1—F1w .

burning-money setting where Fyw? <

That is, while signaling costs are not paid in equilibrium in large audience-cost settings,
they require a higher feasibility threshold: the same cost Fiw’” that delivers separation in

burning-money settings will not deliver separation in audience-cost settings.

Combining Propositions 1, 2, and 3 allows us to compare the defender’s ex ante payoffs

across the audience-cost and burning-money settings.

Proposition 4 (Large Audience Costs versus Burning Money). Suppose Assumption 1-(i),
(ii-a), and (ii-b) hold and 3* > s*. For any po € (0,1), the defender’s ex ante payoff is
strictly higher in the audience-cost setting than in the burning-money setting with and with-

out commaitment.

Without commitment, this result echoes the result in Fearon (1997). Moreover, the su-
periority of audience cost remains even when the defender has commitment power. That is,
although Proposition 2 shows that commitment power strictly improves the defender’s ex ante

payoff from burning money, it is still strictly lower than that from signaling by audience cost.
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(a) Large audience costs (b) Small audience costs

Figure 2: The defender’s ex ante payoff under audience costs (red), burning money without
commitment (blue), and burning money with commitment (black). In both panels, wl = 0.8,

wl=3,p=06,cg=15,c. =04, and S®* = S* = {0,0.1,...,0.6}, so s = 0.1 and 5" = 0.6.

In panel (a), v, ~ U[0,25], F; = 2, and s* = <. In panel (b), v. ~ U[0,1.5], F; = 2, and
51

st =35> 5t. Vertical scales differ across panels.

5.2 Small Audience Costs

If the defender can create a sufficiently large audience cost, it achieves the best possible
payoff: all deterrable challengers will be deterred at no realized cost. However, the literature
highlights that the ability to create large audience costs is rare (Katagiri and Min 2019;
Snyder and Borghard 2011; Trachtenberg 2012). We thus consider possibly more realistic

settings where the ability to create audience costs is limited:

Proposition 5 characterizes the equilibrium.

Proposition 5 (Small Audience Costs). Suppose s° < s*. In the audience cost setting,

F _ _ . _
o If - wh <5 < s*, the defender sends s = 5" when w = w". He mizes s =5' and
1o

L

s = 0 when w = w'. The challenger challenges when s < 3 or v, > v* (y_zt), upon

which the defender fights if and only if w = wf.
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TWL7 both types of the defender send s = s'. The challenger challenges
0

o« If5 <

when s < 5° or v, > v (o), upon which the defender fights if and only if w = wH.

With limited audience costs, the low type cannot commit to defending if attacked, and
the high type cannot fully separate. The low type tries to bluff, pretending to be a high type,
but backs down when the challenger attacks. As the maximum feasible audience cost falls,

equilibrium behavior moves from fully separating to semi-separating to pooling.

As the maximum feasible audience cost falls, less information is transmitted. However,
the defender’s payoff is generally non-linear. To see this, suppose 5! < :%MO w”, so that all
defender types pool on s', and the low type will back down if attacked. Conditional on pool-
ing behavior, higher audience costs have no informational effect and only reduce the defender
payoffs, as they will be incurred by low types. By contrast, when s is large enough that the
equilibrium is semi-separating, higher feasible audience costs reduce the probability of imi-
tation, raising deterrence and the defender’s ex ante payoffs.'! When equilibrium behavior
moves from semi-separating to pooling as the feasible audience cost falls, the informational

channel and the direct channel coexist and push the relative payoffs in opposite directions.

- (e
Figure 3 illustrates these effects. From Proposition 5, ,u(s)t = % is the thresh-
Cetpl—

old on prior belief at which the equilibrium switches from semi-separating to pooling. When

w3t

0.01

po < pg®, the equilibrium is semi-separating under both §° = 0.01 and 0.1, and raising

5! increases the defender’s payoffs. When po > pd!, the equilibrium is pooling under both
5t = 0.01 and 0.1 and raising 5¢ reduces the defender’s payoffs. In between, the equilibrium is
semi-separating with s* = 0.1 and pooling with s* = 0.01. The shaded part indicates where
the payoff increases as the feasible audience cost falls, so that the equilibrium switches from
semi-separating to pooling.

Having characterized the equilibria under limited audience costs, we now compare the

equilibrium payoffs with those in burning-money settings.

11. We note that when mixing, the low type remains indifferent between imitating the high type and
sending no signal, so its payoff does not change. But the high type benefits from the additional deterrence.
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Figure 3: The defender’s ex ante payoff in the audience-cost setting with s° = 0.1 (blue)
and 5 = 0.01 (red). Given &', the equilibrium is semi-separating at pg < ugt and pooling at
fio > 1§ . Other parameters are the same as in panel (b) of Figure 2.

Proposition 6 (Small Audience Costs versus Burning Money without Commitment). Sup-

pose Assumption 1-(i), (iii-a), and (iii-b) hold, and 5° < s*. Let D := (1 — p)wH + ¢4 — wP.

o If % wl < 5, then the audience-cost setting yields a strictly higher defender ex ante

payoff than the burning-money setting without commitment.

o I[f5 < %WL, then there is a threshold T, € (0,1) such that the burning-money
setting without commaitment yields a strictly higher defender ex ante payoff than the

audience-cost setting if and only if py < fiy-

Intuitively, in the pooling equilibrium of the audience-cost setting, a lower probability of
the high type (smaller po) makes costly bluffing and backing down by the low type more
frequent. At the same time, money is burned less frequently in the burning-money setting.
Both effects therefore make the burning-money setting relatively more attractive as the high
type becomes less likely. In the semi-separating equilibrium, as discussed above, a lower
maximum feasible audience cost (smaller ') reduces the defender’s payoff by weakening de-

terrence, while leaving the burning-money setting unaffected. Once s* falls below a threshold,
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the defender’s payoff in the audience cost setting falls below that in the burning-money set-
ting. This is the intuition for the second part of Proposition 6, illustrated in Panel (b) of
Figure 2. When 3* is above this threshold, as in the first part of the proposition, the audience

cost setting instead yields the defender a higher payoff than the burning money setting.

Proposition 7 (Small Audience Costs versus Burning Money with Commitment). Suppose
Assumption 1-(i), (ii-b), and (ii-c) hold, and s < s*. For any po € (0,1), the defender’s ex
ante payoff is strictly lower in the audience-cost setting than in the burning-money setting

with commitment.

Intuitively, when the large audience costs are infeasible, the equilibria are not separating.
Moreover, the low type bluffs and sometimes incurs the audience cost. Both effects reduce
the value of the audience-cost setting to the defender. By contrast, in burning money with
commitment, not only can the defender separate, but it can also do so at a minimal cost as

long as a sufficiently small burning-money action is available.

6 Probability of War

We analyzed the equilibria and compared defender payoffs under different signaling settings.
While the defender maximizes its payoffs, from a social planner’s perspective, it may not
internalize all the costs of war. We now compare the probability of war under different

signaling settings.

Proposition 8 (Equilibrium Probability of War). Suppose Assumption 1-(i), (ii-a), (ii-b),
(11i-a), and (iii-b) hold. In equilibrium, the burning-money setting has the same ex ante

probability of war with and without commitment. Moreover,

e When 5t > s*, the audience-cost setting yields a strictly greater probability of war than

the burning-money setting if —pw™ +cq < lf}l wh and Fy < 1. If —pw® +cq > 1—F}~3 wt

or Fy =1, the two settings have the same equilibrium probability of war.
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o When st < s*, the audience-cost setting yields a strictly greater probability of war than

the burning-money setting.

Separating equilibria minimize the probability of war because war happens only when an
undeterrable challenger attacks the high type. The equilibria of the burning-money setting
have this feature. By contrast, only when both large audience costs are feasible and the low
type does not want to commit to war do audience-cost settings deliver the same minimal
probability of war. In all other circumstances, the probability of war is strictly higher in

audience-cost settings.

When large audience costs are feasible and the low type commits to fight, this increases
the probability of fighting because an undeterrable challenger will attack and will be fought
not only by high types but also by low types. When large audience costs are infeasible, the
low type will never fight, but because separation is not possible, challengers who would not
attack a high type now attack because they believe that there is a chance that the defender

is a bluffing low type pretending to be the high type.

7 Conclusion

Academics and practitioners view signaling resolve as a key element of deterrence strate-
gies. Two primary classes of signaling are burning money and burning bridges or creating
audience costs. When the defender can create sufficiently large audience costs, it effectively
commits to fighting if challenged. We proposed a new signaling approach, burning money
with commitment, in which the defender maintains its flexibility to fight or back down, but
ex ante commits to how it burns money to signal resolve. We showed that this new approach
can robustly improve the defender’s payoffs and at the same time reduce the likelihood of
war and discussed how this approach can be implemented by law and preestablished plans or
automated algorithms. We also compared the payoffs of audience-cost and burning-money

settings without commitment, characterizing when each dominates and highlighting the non-
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monotonic relationship between the defender’s payoff and its capacity to create audience

costs: the ability to create more audience costs can harm the defender.

Two directions for future research stand out. First, we focused on the canonical model
of Fearon 1997. It will be beneficial to analyze settings with more general forms of payoffs
than (1)-(3). In the same vein, it may be helpful to allow for information processing costs
(Sims 2003; Caplin and Dean 2015; Denti 2022; Pomatto, Strack, and Tamuz 2023) so that
actions that are too similar to each other may be misinterpreted by adversaries. Second,
it is valuable to analyze settings with imperfect commitment in which the defender is able
to alter its preestablished plan ex post or intervene in the automated algorithm with some

likelihood or to some extent. These directions are left to future research.
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Appendix

A Additional Model Details

Here, we provide a sufficient condition for Assumption 1-(i), which requires that the defender’s

interim payoff is strictly convex.

Proposition 9. The interim payoff v°(u, s) is strictly convez in pu € (0,1) ifinf, (log(f(z)))" >

—2(1 — p)p/ce, where x € <0, lc_cp>. Moreover, this condition holds in the following cases.

1. (Uniform) Let v. ~ U [0,v.] with . > 1% so that f(x) = 1/v. and f'(x) = 0 for

x € (0, 1‘3jp). Then, the interim payoffs are convex.

2. (Ezponential) Let f(z) = Ae %, where x > 0 and X\ > 0. Then, the interim payoffs are

convez if 1 < 2(1 —p)p (1/A)/cc = 2(1 — p)p E[v ] /c..

(log z—m)?

3. (Lognormal) Let f(x) = za}/ﬁ exp{—T}, where x > 0 and m is the mean

of logve. Then, the interim payoffs are convex if 1 < 2(1 — p)p 2™ 71 /¢, =

2(1—p)p o2e(l=0?/2-0%) Elv.]/ce.

Proof. From equation (6), it suffices to examine ©°(y,0). Let g(u) = pc./(1 — up), so that

g (p) =c./(1 —pup)*>>0and ¢" () = 2pg’ (1) /(1 — pp) > 0. The first derivative is

Lis=0) = (1-p? —wb + ) | Flow) +u f(()g (1)
ol —— —_———

N

>0 by WY<0<WH >0 >0
+w" fg()g' (1) + pw™ — cq
0
>

> 0.
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Next, the second derivative is

d2

d—uﬂ’(u, s=0) = (p(1=pw™ —w"+cq) +w") [Fg()(d (1) + fg(p)g" (1)]

+2(w"(1 = p) — W + ca) flg(p))g ().

Rearranging this and substituting ¢'(¢) = ¢./(1 — up)? and ¢”(p) = 2¢cp/(1 — up)?, we have

50,5 =0) > 0 if

M) e
f(“—) > —2(1 up)cc

1—pp

{1+1—up (1 —pw —wh +¢y }

p u((l—pwt —wl+cy) +wh

(11)

for all . Considering the right-hand side of inequality (11), we have

_ _ _ H _ L _ _ 2, H L
Lol Lop(A-opet et o ,0-ppf (op)f el —w
Ce p (1 - p)wH + Cq Ce
2(1—pp
Ce

IN

where the first and second inequalities follow from W% < 0 < W#. Thus, inequality (11)
@) S _2(1—p)p.

holds if min,, @ 2 -

Now consider the case of a uniform distribution v. ~ U [0,7.] with 7, > 7. Then, for

x € (0, f_cp), we have f(z) =1/v., f'(x) =0, and thus (log f(z)) =0 > —2(1 — p)p/c..

Next, consider the case of the exponential distribution. Observe log f(x) = log A —
Az and thus (log f(z)) = —\ = min,(log f(x)). Hence, by Elv.] = 1/\, rearranging
min, (log f(x)) = =\ > —2(16;:”)17 leads to

2(1 —
1< (—p)p]E[vc].
Ce

Finally, consider the case of the lognormal distribution. By log f(z) = —loga — logo —

%1og(27r) — M, we have (log f(z)) = —1 — lez—m _ m*‘fz;logm, and thus (log f(z))" =

202 x o2z
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loga-mte® 1 fere, note that lim,(log f(x))’ = +oo and lim, . (log f(x))’ = 0. Because

(log f(z))" is decreasing for x < exp {m — 0® + 1} and increasing for = > exp {m — o2 + 1},

1

we obtain arg min(log f(x)) = exp{m —o?+ 1} and min,(log f(z)) = ~ Tepin ot

Thus, by E[v.] = exp {m + 0?/2}, substituting this into and rearranging min, (log(f(z)))’ >

—2(1 —p)p/c. yields 1 < 2(16;;7);90261_362/21{2[%]' O
Moreover, we can use the same condition for the audience-cost setting for s < —pw* + cq.

Proposition 10. 9'(p, s) for s < —pwh+cy is strictly convez in pu if inf, ., ;a—p) (log(f(z)))" >

—2(1 = p)p/ce.

Proof. By v'(p1,0) = 0°(u, 0) and Proposition 9, 9%(y, 0) is strictly convex if min,(log f(z))’ >

—20=plp  Thys, consider the case of s € (0, —pwl + ¢4). Using g(u) = #= ¢'(n) = (I_C;p)Q,

Ce 1—pp

and ¢"(p) = (ﬁc;z)g by Proposition 9, we can rewrite equation (9) as

0y s) = plpw™ = ca+5) — s+ F(g(p) [(D — ) +w + 5],
where D = (1 — p)w! + ¢4 — w®. Differentiating this twice with respect to p yields
0" (1, 8) = [(D = 5) +w" + 5] [f (9()) (' (1))* + F(g(m)g" ()] +2(D — ) f(g(1)) g (12)-
The assumption of s < —pw! + ¢4 here implies

D—s > D—(—pw"+cy)

= (1-p)? —-wh) >0

Then, because f(g(u)) > 0, ¢’(1) > 0, and u(D — s) + wh + s > 0, the second derivative is

strictly positive if

(12)



The right-hand side of inequality (12) satisfies
L —pp D—s p
< “2(-pp) -

20 —pp
ce

Pl

—9(1 — up) 2
( Mp)cc p wD—s)+wl+s

<

Because g(j1) € (0, c./(1—p)) for any i € (0, 1), mittpeo, /1y (08 f())' > —20=22 implies

inequality (12). Thus, 0¢(u, s) is strictly convex in p for every s € [0, —pw” + cg). O

Next, we show that the right-hand side of Assumption 1-(ii-b) is strictly positive when

Assumption 1-(i) holds.
Remark 1. Under Assumption 1-(i) we have (Fl - F (fp)) —F (2%) wk > 0.

Proof. By Assumption 1-(i), 9'(y,0) = ©°(p,0) is strictly convex in p. Thus, 0° (3,0) <
$0°(0,0) 4 £0°(1,0). Because 0 (0,0) = 0 from expression (6) and F(0) = 0, this is equiv-

alent to 20° (3,0) < 0°(1,0). By expression (6), we obtain

20°(1/2,0) = F (v} (1/2)) (wH +wL) + (1= F(v(1/2))) (pwH — cd) (13)

°(1,0) = Fw’+(1-F) (" —c). (14)

Substituting v;(1/2) = 5% into (13) and (14), we have: 20° (3,0) < 9°(1,0) if and only if

(Fl—F<2%p>)5—F(2ij>wL>0. 0

B Proofs

Proof of Proposition 1. Consider the following cases.

Step 1 (Separating). First, consider the case in which the high type of the defender sends
s = s and the low type sends s = s”, with off-path beliefs ps.y = 0 and ps~y = 1. Observe

that, in any separating equilibrium, we must have s” = 0. Otherwise, the low type would
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receive a strictly negative payoff and have an incentive to deviate to s = 0. The low type

does not have the incentive to deviate to s’ when

0 > Fuw+(1—-F)x0-4

s > Fwh.

Because of psy = 0, the low type does not deviate to any s € (0,). Also, while pg~y =1,

the low type does not have the incentive to deviate to s > s’ given Flw! —s < Flwl — s < 0.

Under the above off-path beliefs, the high type does not have the incentive to deviate to a
larger s because ps—y is already 1. Because u, = 0 for any s < &, if there is a profitable devi-

ation from &', it must be s = 0. The high type does not benefit from deviating to s = 0 when

Fiw +(1-F) (pw" —cq) — &

V
S
&
T

3/

IN

Fyo.

Thus, s’ must be in the interval [Fle, Fl(ﬂ. By WX <0< WH, we have § > w”, and thus,
this interval is nonempty. Also, observe that the high type’s payoff is decreasing in s’. Thus,
the optimal signal is s’ = Fyw’, which is in S® by Assumption 1-(iii-a).

For any off-path signal s € (0, Fiw!), the D1 criterion assigns probability zero to the
high type, and thus requires p, = 0. For s > Fijw”, neither type can benefit even under
its = 1, and thus the criterion imposes no restriction. Thus, the off-path beliefs supporting

the separating equilibrium satisfy the D1 criterion.

Step 2 (Pooling on s = 0). Next, consider a pooling equilibrium where both types send
s = 0 with off-path beliefs ps~9 < po. Under the pessimistic off-path beliefs, neither type has
the incentive to deviate to strictly positive s. Thus, we examine the D1 criterion. Observe
that we can express the challenger’s mixed best response as the probability of not challeng-

ing, F'(v(ps)) € [0, F1]. Because the equilibrium payoff and the payoff from deviating to an
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off-path signal s for the low type are F,,w” and F (v} (us)) w” — s, respectively, the low type

has a weak incentive to deviate when
. s
F(ve(ps)) 2 Fug + 3

On the other hand, the high type’s equilibrium payoff and the payoff from deviation are
Fuw + (1= F,,) (pw — cq) and F (0} (ps)) w0 + (1 = F (v} (1s))) (pw™ — cq) — s, respec-
tively. Thus, the high type has a strict incentive to deviate to an off-path s > 0 when

S

F (1)) > Fuy + 3

Because F},, + s/w” > F,, + s/6 by WE < 0 < W# | the high type has a strict incentive to
deviate whenever the low type has a weak incentive to deviate. The D1 criterion requires
ps = 1 for such s. Because this off-path signal yields F' (v (us)) = Fi, the high type gains
(pwH —cqg+ F16 — s) - (pwH —cq+ FMU(S) = AJ — s from deviating, where A = (F} — F,,).
Thus, the high type would deviate to any feasible s € (0, Ad). By Assumption 1-(iii-b), there

exists a feasible signal in the interval. Hence, this equilibrium violates the D1 criterion.

Step 3 (Pooling on s > 0). Consider a case in which both types of the defender send
s = s > 0 with off-path beliefs p,.y = 0. Given the off-path beliefs, the low type does
not have the incentive to deviate to s = 0 when F,w’ — ¢ > 0, i.e., s < F, w”. Simi-
larly, the condition for the high type is Fw® + (1 — F,,) (pw — cq) — ' > pwf —¢q, ie.,
s' < F,, ((1 —p)wH + cd), which is always true whenever the low type does not deviate. For
a given prior po, this pooling equilibrium exists when s’ < F, w” because the low type would

otherwise deviate to s = 0.

We now examine the D1 criterion. The low type’s equilibrium payoff and the payoff from

deviating to some s > s’ are Fj,w” — s and F (v}(us)) w” — s, respectively. Hence, the low
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type is weakly incentivized to deviate to such s when

. s—s
F (v (ps)) = Fy +

wl

The high type’s equilibrium payoff and the payoff from deviating to s > s’ are, respectively,
Fuwf+(1=F,) (pw — cq) —s" and F (v} (1)) w0 + (1 = F (v} (ps))) (pw'” — ca) —s. Thus,

a deviation to s > s’ is strictly beneficial for the high type when

. s—s
F(e2(1) > B + 255

By Wl <0 < W#, we know that F},, + (s — &) Jw" > F,, + (s — §') /9, and thus, the high
type has a strict incentive to deviate to s > s whenever the low type has a weak incentive
to do so. The D1 criterion assigns ps = 1 to such s. Because we have F (v}(us)) = Fy for
such s, the high type’s benefit from deviating from s’ > 0 to s > §" is Ad — s+ s’. Therefore,
the high type has a strictly profitable deviation to any feasible s € (s, s + Ad). Assumption
1-(iii-b) guarantees that the interval has a feasible signal for any s’ € (0, F,,w”]. Thus, a

pooling equilibrium with s’ > 0 violates the D1 criterion.

Step 4 (Semi-separating). Consider a case in which the high type sends s = ¢ > 0, and
the low type sends s = s’ with probability ¢ € (0,1) and s = 0 with probability 1 — ¢ with
off-path beliefs sy = 0 and ps~y = 1. It is easy to see that the signal only from the low
type must be s = 0 because the posterior is zero; for any positive s, the low type would
deviate to a smaller s. We show that a semi-separating equilibrium in which the low type
mixes violates the D1 criterion.

Because the low type’s indifference condition between sending s = ¢ and s = 0 is

L

F (v (ps=s)) wh — s = 0, we obtain &' = F (v} (ps—s))wl. Also observe that, by Bayes’

rule, the posterior pi,—y = 4% - € (1o, 1) implies s' = F (07 (ps=s)) wh € (F,wh, Fiwh).

Consider an off-path signal s = Fiw®, which is feasible by Assumption 1-(iii-a). The low
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type has a weakly profitable deviation to s = Fyw’” when

Fuwt — ¢

F (i (ps=pwr)) = F (vp(ps=s)) + WL

because the equilibrium payoff and the payoff from deviation are F' (v} (ps—s)) w” — s and
F (v} (= )) wE — Fiwl, respectively. The high type’s equilibrium payoff and the pay-
off from deviation are F' (v} (ps—s)) w+(1 — F (0} (ps=s'))) (pw™ — ca) =" and F (0} (ps—pyor)) 0+
(1—F (v (ps=por))) (pwH — cd) — Fiw?”. Hence, the high type has a strictly profitable de-

viation to s = Fjw” when

Fwl —¢

F(U:(MS:FWJL)) > F (U: (MS:S/)) + 5

Because we know s’ < Fiw” and § > wl by WL < 0 < WH_ we have F (07 (ftsy )+ 2575 >

w

F (v} (prs=s')) + %. Thus, the high type has a strictly profitable deviation to s = Fjw”
whenever the low type has a weakly profitable deviation. Thus, by the D1 criterion, we

obtain fi,_p,,t = 1. Then, the high type’s profit from deviating to s = Fyw’ is
(Fi = F (0} (1ame))) 8 = Fi” 48’ = (B = F (0} (1)) (6 — ") > 0.

Because the high type has an incentive to deviate, a semi-separating equilibrium in which

the low type mixes violates the D1 criterion.

Next, consider a semi-separating equilibrium in which the low type sends s = &, and the
high type sends s = s with probability ¢ € (0,1) and s = s” with probability 1 — ¢, with
off-path beliefs p,cy = 0, pse(s sy = ps=s, and pre~er = 1. We show that a semi-separating

equilibrium in which the high type mixes violates the D1 criterion.

By Bayes’ rule, we have ps—y = —E2— < p4 and thus F (v¥(ps=s)) < F,,. The

pogq+(1—po) Ko~
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indifference condition of the high type yields

F (U:(N5=8’))WH + (1 - F (U:(US:S/))) (pwH - Cd) -5 = FIWH + (1 - Fl) (pWH - Cd) -5

s = &+ (Fl — F(’U:(,Us:s’))) 0.

We consider an off-path signal s € (s, s”). Assumption 1-(iii-b) guarantees that there exists
a feasible signal in the interval (s’,s”). To see this, observe that s’ < F (v} (jts=y))wl <
Fwh by F (v (pses))w® — s > 0 and F (v} (ps—s)) < F,,. Also observe that s" = s' +
(Fy — F (Vi (pts=s))) 0 > 8"+ A6 by F (v (pts=s)) < Fj,,. Thus, we have (s, 8" + Ad) C (s',5").
Then, there is some s in (', s”) by Assumption 1-(iii-b).

The low type’s equilibrium payoff and the payoff from deviating to s € (s',s”) are
F (0} (poms)) wh — ¢" and F (0} (pse(s,s7))) w” — s, respectively. Thus, the low type has a

weak incentive to deviate to such s when

s—s'

F(U:(NSG(S’,S”))) > F<U:<U8=S’>> + oL

On the other hand, the high type’s equilibrium payoff and the payoff from deviation are

respectively

F (0} (pamw)) 0" + (1= F (03 (12=))) (0" — €4) — & amd

F (02 (e om)) @ 4 (1= F (00 (se(srm))) (o™ = ca) = s.

Hence, the high type has a strictly profitable deviation to s € (', s”) when

s—s

J

F (0} (e sm)) > F (07 (tsmsr)) +

By d > wh and s > s/, we have F (v} (jts—g ) +252 > F (0} (pts=s) )+ 5% Hence, whenever the

wl 5

low type has a weakly profitable deviation to s € (s', s”), the high type has a strictly profitable
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deviation to such s. This yields jisc(ss7) = 1. By deviating to s € (', s”), the high type gains

(Fy = F (v (ps=s))) 6 — (s = ).

This is strictly positive by s < s = §' + (F} — F (v} (fts=s))) 6. Thus, because the high type
deviates to s € (s',s”), a semi-separating equilibrium in which the high type mixes violates

the D1 criterion.

Finally, consider a case where both types send s = s’ and s = s” with positive probability,
where s’ < s”. Suppose that such an equilibrium exists. Then, the indifference condition of

the low type requires F (v*(ps—s)) w* — 8" = F (v} (j1s=sr)) w* — s”, and thus

s — 5" = (F (v} (ss=sr)) = F (0 (pts=s))) 0" (15)

Next, the high type’s indifference condition yields

F (v:(/‘s:s’))‘*‘)H + (1 - F (U:(MSZS’))) WH —s =F (v:(us:s”))wH + (1 - F (U:(Ms:s”))) WH — 5"

" =" = (F (07 (ps=s)) = F (vZ(prs=sr))) 0. (16)

By 0 > w! and equalities (15) and (16), the two indifference conditions cannot hold simul-

taneously, a contradiction.

Step 5 (defender-optimal equilibrium). Because only the separating equilibrium in Step
1 satisfies our equilibrium refinement, the D1 criterion, it is the defender-optimal equilib-

rium. O

Proof of Proposition 2. We first specify the signal structure in the case with commitment
power. Then, we show that the defender’s ex ante payoff under this signal structure is the
highest possible payoff in the setting, and thus commitment power is strictly beneficial for

the defender.
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Step 1 (Signal structure). First, we specify the signal structure in the case with com-
mitment power and the ex ante payoff of the defender. When p is small, we have sy =

0, tty—st = 1. Bayes-Plausibility requires 7(fts=0)#ts=0 + (1 — 7(fts=0)) fts—st = fto, hence
T(ps=0) =1 — po and 7(p_) = po.
The defender’s signal structure follows from the above values:
7(0lw™) =0, 7(s = si|w) =1, 7(0jw*) =1, and 7(s = s}|w*) = 0. (17)
When g is large, we have ps—o = 1 and frs—st = 0. Bayes-Plausibility yields
T(ps=0) = po and 7(pe—g) =1 = pio.
Hence, we obtain
7(0jw) =1, 7(st|w) =0, 7(0|w") =0, and 7(sb|wh) = 1. (18)
By (17), the ex ante payoff when p is small is
Lo [Fle + (1 - )W - sl{] + (1= po) x 0 = po (ﬁb(l, 0) — sl{) :
whereas the payoff when py is large is
po [Frw™ + (1= FyWH] — (1 = po)st = p1o0°(1,0) — (1 — o).

The above payoffs become equal at py = 1/2, and thus, the ex ante defender payoff in the
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burning-money setting with commitment is expressed as
p00°(1,0) — min {pg, 1 = po} 87 = V7% (10| (02)ses) - (19)

Step 2 (Payoff optimality). We want to show that V7° (ud(@i’)sesb) in (19) is the highest

possible payoff the defender can achieve. That is, we want to show

Z T (1) 0" (s, 8) < V7° (NO‘(@\g)seSb)

seSb

for any Bayes-plausible signal structure. First, consider any s > 0 and p € [0,1]. Then, by

Assumption 1-(i), we obtain

(i, s > 0) = 0°(,0) — 5 < p0°(1,0) + (1 — p) 0°(0,0) —s!.
=0

Next, consider s = 0 and ps—g < 1/2. First, by Assumption 1-(ii-b), observe

1 1 1
2?#’ (5,0) = 2X (5 (WH + F0,5(5) + §F0,5WL)

= WH + F1(5 — [(Fl — F0.5)(5 — F0.5CL)L:|
< 2°(1,0) — s, (20)
Thus, for any ps—o < 1/2, we have

1
#(Mszm 0) < 2///3:0# <§7 0) + (1 - 2#5:0)#(07 0) < Hs=0 (ﬁb(la 0) - Sl{) )

by Assumption 1-(i) and °(0,0) = 0. Then, by Bayes-plausibility, we obtain the ex ante
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payoff

()0 (e s) <D T(pans (7°(1,0) — 5})

sesb sesb

= 1o (0°(1,0) — s7) . (21)
Lastly, consider s = 0 and us—o > 1/2. By Assumption 1-(i) and inequality (20), we have

ab(/vbs:m O)

IN

5
< (1= ps—o) (0°(1,0) = s7) + (2ps—0 — 1)7°(1,0)

201 = el (5:0) + (Gpaca = DI(L0)

= p15=00"(1,0) = (1 = prs=0)s?.

Then, by Bayes-plausibility, we obtain the ex ante payoff

D TP (psys) < 7(s) (10°(1,0) = (1= pug)sh)

sesh sesb
= 100°(1,0) = (1 — pa)s. (22)

In sum, every Bayes-plausible signal structure satisfies at least one of (21) and (22). Hence,

we have

Z T(Ms)ﬁb@i& 5) < max {//JO (#(17 0) o Sl{) 7u06”(1, O) o (1 - /L())Sl{}

seSb

= V¥ (,UO | (@)sesb)

for any Bayes-plausible signal structure.

Finally, the above signal structures strictly improve the defender’s ex ante payoff, com-
pared to the case without commitment. We already know that the ex ante payoff is bounded
by Ve (,uo}(i)\g)se sv). Then, we show that the case without commitment power cannot attain

it and, thus, yields a strictly smaller payoff. First, suppose 1o < 1/2. The defender obtains
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the ex ante payoff pyg (i)\b(l,O) — sl{) by sending s = s% when w = wf and sending s = 0
when w = w”. If the defender does not have commitment power, the low type can profitably
deviate from s = 0 to s} because Fiw® — s® > 0 by Assumption 1-(ii-a). Second, suppose
o > 1/2. The defender achieves the ex ante payoff 1160°(1,0) — (1 — pg)s} by sending s = 0
when w = w! and sending s = s® when w = w’. If the defender does not have commitment
power, then the low type can profitably deviate from s = 5% > 0 to s = 0. In sum, the signal
structures in (17) and (18) cannot be part of an equilibrium in the burning-money setting
without commitment. Thus, the case without commitment power does not yield the same

ex ante payoff as the setting with commitment. O

Proof of Proposition 3. We first consider a special case of I, = 1. Because we have adopted

the interpretation that 1/(1—F(x)) = oo when F(z) = 1, we have —pw’+c4 < 15;1 wl = oo.
Because this implies that the challenger never challenges if the defender fights for sure, both
types of the defender send some s > —pw’ +¢;. Consequently, the high and low types receive
wf and w’, and they do not have the incentive to deviate to any s < —pw” 4 ¢4. Moreover,
because w!’ and w’ are the defender’s highest possible payoffs, this equilibrium satisfies the

D1 criterion.

Henceforth, we focus on the case of F; < 1 and consider the following cases.

Case 1 (—pwl + ¢4 > 15};1wL). Consider a separating equilibrium where the high-
valuation defender sends s = s’ and the low type sends s = s”. As shown in Step 1 of the
proof of Proposition 1, we have s” = 0 in any separating equilibrium. Because ps—y = 1 and

ts—o = 0, the low type does not have the incentive to deviate to s’ > 0 as long as

0 > Fwl—(1-F)s
.y . Vv
Equilibrium payoff Deviation to s—s’
Fy
s > W

1-F

Observe that the equilibrium payoff for the low type is zero because, by F(0) = 0, the chal-
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Iy
1-Fy

lenger challenges for sure when p,—g = 0. When —pw® + ¢4 > w, the low type does

not have the incentive to deviate to s > —pw!’ + ¢4 because the inequality is equivalent
to 0 > Fiw” + (1 — Fy) (pw” — cq). Next, the high type’s payoff from sending s = s’ is

Fw? +(1-F) (pwH — cd), which does not depend on s’. Thus, any feasible s’ > lf—lple

Py
1-F1

is optimal for the high type. Our assumption s' > s* = min {—pr + cq, wL} guaran-

tees that such s’ is feasible when —pw’ 4 ¢4 > 1 £

;1 wl. Off-path beliefs '“s<1f;1wL =0 and
f, m o, = 1 support this equilibrium.
ZI1-F

F1 L
-5 w.

This equilibrium satisfies the D1 criterion. First, consider an off-path signal s <
The high type’s payoff from deviation under the most favorable posterior is Fiw +(1 — F}) (pwH — cd),
which is equal to his equilibrium payoff. On the other hand, the low type would receive
Fiw® — (1 — Fy)s > 0 under the most favorable posterior. Thus, whenever the high type
has a weakly profitable deviation, the low type has a strictly profitable deviation. Thus,

the D1 criterion assigns pus; = 0 for such an off-path signal. The challenger would always

F1
1-F;

challenge after s < w’, lowering both types’ payoffs. Second, consider an off-path signal

5 € (: i wh, —pwl + cd>. As in the first case, this deviation does not improve the high

F
1—

type’s payoff. For the low type, a deviation to s € < . wl, —pwl + cd> would yield at most

Fiw® — (1 — Fy)s < 0. Hence, neither type can have a strict incentive to deviate. Third,

consider an off-path signal s > —pw” 4 ¢4 > 1 £ i w’. This deviation never strictly improves

the defender’s payoff. In sum, the separating equilibrium satisfies the D1 criterion.

L> Fy L

We show that, when c¢; — pw —mw", any equilibrium satisfying the D1 criterion

must take the form of the above equilibrium, (a) which is a separating equilibrium, (b) in

F1 L
—F w.

which the low type sends s = 0, and (c¢) in which the high type sends some s >
First, suppose to the contrary that feature (a) does not hold: consider a semi-separating or

a pooling equilibrium. This implies that some common s is sent by both types with positive

probability. Observe that this common signal must satisfy s < ; £ i w”. The low type never
sends s > = e w’. Also, the low type does not send s = £ e w?, either, because a common

signal induces us < 1, which gives the low type a strictly negative payoff. Because the low
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T £ . w”, a common signal must be smaller than lf_lF& wh. Next, fix

type does not send s >
some feasible s’ > 1f_th . Because the low type never sends such s, we have p,—y = 1 if
the high type sends it by Bayes’ rule, and the high type would achieve his highest possible
payoff. However, an equilibrium that is not separating implies that some common s is sent by
both types with positive probability. This common signal leads to ps < 1, implying that the
high type’s payoff becomes lower than the highest possible one. Thus, the high type cannot
send s’ by the indifference condition. Thus, s’ must be an off-path signal when feature (a)
does not hold. From this large off-path signal ¢, the low type never benefits even under the

most favorable posterior, ps—y = 1. On the other hand, the high type would strictly benefit

from such s’. Then, the D1 criterion imposes j,—y = 1 where s" > 5 - = w”, and the high

type deviates to the large signal, a contradiction.

Second, suppose that feature (b) does not hold: consider a separating equilibrium where
the low type sends s > 0. If s < —pw” + ¢4, he would receive —s < 0. If s > —pw’ + cq,
he would receive Fiw” + (1 — Fy) (pw” —cq) < 0. Thus, this case cannot constitute an

equilibrium because the low type has the incentive to deviate to s = 0.

Third, suppose that feature (c) does not hold: consider a separating equilibrium where

Fy

- w’. Then, because j; = 1, the low type has the incentive to

the high type sends s <
imitate and receive Fijw? — (1 — Fy)s > 0. In sum, any equilibrium must take the form of
the above separating equilibrium, implying that it is defender-optimal.

Case 2 (—pwl+c¢; < 15?1WL>' Next, consider a case in which both types of the defender

send some s > —pw’ + ¢, with off-path beliefs Hs<—pwLte, = 0, where both types are willing
to fight on the equilibrium path. By sending some s > ¢; — pw”, the high type obtains the
highest possible payoff Fiw® + (1 — F}) (pw™ — ¢4) because the high type never pays the
cost of the signal. Now the low type is also willing to fight and does not pay audience costs.

Sending s > ¢4 — pw” generates a weakly higher payoff for the low type than sending s = 0
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and then acquiescing when

o+ (1 - F) (pr — cd) > 0

w®,

oL < 1
pw +Cd_1_F1

which is our assumption here.

This equilibrium satisfies the D1 criterion. First, any off-path signal such that s >
—pw” + ¢4 does not change the defender’s payoff. Second, consider an off-path signal
s < —pw? + c4. The high type would receive at most his equilibrium payoff from this
deviation. Under the most favorable belief, the low type would receive Fyw” — (1 — F)s > 0.

The benefit for the low type from this deviation is
(Fle —(1- Fl)s) — (Fle +(1-F) (pr - cd)) =(1-F) (cd — pwl — s) > 0.

Thus, whenever the high type weakly prefers deviation to s < —pw’” + ¢4, the low type has
a strict incentive to deviate to such s. The D1 criterion imposes p; = 0. This implies that
the high type and the low type would receive pw? — ¢4 and —s, respectively, by deviating to
s < —pw’ + ¢4, both of which are strictly smaller than their equilibrium payoffs. Thus, this

equilibrium satisfies the D1 criterion.

There is no other equilibrium with a higher defender payoff. In any equilibrium, the high
type must achieve the highest possible payoff, Fyw® + (1 — Fy) (pwH — cd), because he can
always commit to fighting and receive this payoff. First, the two types of the defender never
send a common s < —pw” 4 ¢4 with positive probability. This is because such pooling leads
to s < 1, which lowers the high type’s payoff. Second, given the first argument, the low type
sending s < —pw?” + ¢4 cannot be part of an equilibrium because it would yield p, = 0 and
the low type would receive —s < 0, which is strictly smaller than the payoff he can guarantee
by committing to fighting. Thus, the low type sends only s > —pw” + ¢4. Lastly, consider

any case where the high type sends s < —pw’ + ¢4 with positive probability and the low type
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sends only s > —pw!” + ¢4. Such an equilibrium does not exist because the low type would
profitably deviate to the high type’s signal, as Fiwl — (1 — F})s > Fiwl + (1 — Fy) (pwl — ¢y)
whenever s < —pw? + ¢4. Thus, the remaining candidate is the above case in which both
types send only s > —pw” + cg.

Case 3 (—pwh + ¢4 = 15}10}). When —pw!” 4 ¢4 = fth, both types of the above

equilibria are defender-optimal. Moreover, in this knife-edge case, there is another class of
equilibria. Consider a case in which the high type sends some s’ > —pw’ ¢, and the low type
sends s = s’ with probability ¢ and s = 0 with probability 1—¢. While sy € [0, 1] should fol-

low from Bayes’ rule, we know that both types commit to fighting by sending s’ > —pw’ +c¢,.

Cc
1-p

This implies that the challenger with v, > challenges and that the probability of challenge

Lol

is 1— Fy. Consequently, the low type’s payoff from sending s = s’ when —pw®+c; < T h

By

L
— 0.
1—FY

Fuw"+ (1 - F) (pw" — ) = Fiw" — (1 - F)

Because the payoff from sending s = 0 is zero, we have established the low type’s indifference
condition. The low type may use an arbitrary ¢ € [0,1]. Similarly, by committing to fight,
the high type obtains the highest possible payoff, Fiw! +(1—F}) (pwH — cd), regardless of ¢.

This class of equilibrium satisfies the D1 criterion. Consider an off-path signal s €
(O, —pwh + cd). First, the high type cannot strictly improve his payoff. Second, because
the low type would acquiesce to a challenge after sending s € (O, —pwl + cd) and because his

equilibrium payoff is zero, he has a strict incentive to deviate to s € (O, —pwl + cd) when

S

wlk+s°

F(vz(ps)) >

Thus, whenever the high type has a weak incentive to deviate to s € (0, —pwl + cd) (which
occurs only when F (vi(us)) = F1), the low type has a strict incentive to do so. The D1
criterion thus assigns pus = 0 for such s. With pus = 0, both types would receive payofts

strictly smaller than the equilibrium payoff. Therefore, neither type deviates, and thus this
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class of equilibria satisfies the D1 criterion. O

Proof of Proposition 4. We compare burning money with commitment and audience cost.
By Proposition 3, the defender’s ex ante payoff in the audience-cost setting is at least
Lo [Fle +(1-F) (pwH — cd)}. On the other hand, by Proposition 2, which relies on As-

sumption 1-(i), (ii-a), and (ii-b), the burning-money setting with commitment yields either

o [Fiw™ + (1= F) (pw' —cq) — Y] or po [Frw” + (1= Fy) (pw™ —ca)] — (1 — po)st.

It is straightforward to see that both of them are strictly smaller than the ex ante payoff in

the audience-cost case for any p € (0,1).

Proposition 2 shows that commitment power improves the defender’s ex ante payoff.
Thus, the payoff from burning money without commitment must be smaller than that from

audience cost. O

Proof of Proposition 5. Consider the following cases.

Step 1 (Separating). By the assumption that 3" < s*, there does not exist a separating
equilibrium. This is because the low type would profitably deviate from 0 to a positive s

that the high type sends, and he would receive Fyw? — (1 — F})s > 0.

We first show that any equilibrium in this case is either a pooling equilibrium or a semi-
separating equilibrium in which the high type sends s = s’ > 0 with probability one and the
low type mixes s = s’ and s = 0. First, if the high type mixes, there cannot be a signal that
comes only from the high type. This is because, if a signal s comes only from the high type,
the posterior becomes ps = 1. Then, because the high type never pays audience costs in
equilibrium, a signal affects the high type’s payoff only through posterior beliefs. Thus, the
high type would strictly prefer s such that s = 1 and send it with probability one. Second,
when the low type mixes, the signal sent only by the low type must be s = 0 because such

a signal leads to a posterior us = 0 and any s > 0 would result in a strictly negative payoff.
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Third, suppose that two different signals are sent by both types with positive probability,
denoted by s’ < s”. Because the high type never pays audience costs on any equilibrium path,
any difference in an equilibrium payoff must come from different posteriors. However, the
high type’s indifference condition imposes ps—y = pts—s#. Then, because the posterior is the
same, the low type would strictly prefer s’ to s” by s’ < s”. Consequently, any equilibrium
must be a pooling equilibrium or a semi-separating equilibrium in which the high type sends

some s = s’ > 0 and the low type mixes s = s’ and s = 0.

Step 2 (Semi-separating). Consider a semi-separating equilibrium where the high-valuation
defender sends s = s’ > 0 and the low type sends s = s’ with probability ¢ € (0,1) and s =0

with probability 1 — q. The low type’s indifference condition yields

F (0} (prs—s)) " = (1 = F (v; (ns=0))) 8’ = 0

F (U: (/Jls:s/))

Sl

wl + s

We first show that the D1 criterion requires s’ = s'. Suppose s’ < 3¢, and consider s = '

as an off-path signal. Because the low type’s equilibrium payoff is zero, he weakly benefits

5t

wlk43st”

from deviating to s = 5" if F (v} (pre—gt)) > On the other hand, because the high type

never pays audience costs in any equilibrium, he strictly benefits from deviating to s = 3t if

F (0 (psst)) > F (05 (fts—s)) = —2—. By 2= < wigt? the high type strictly benefits from

wL+s’ wL+8’
this deviation whenever the low type weakly benefits from it. Then, the D1 criterion assigns

£

TﬂwL, the high type profitably deviates to s = s' because we have

He—zt = 1. By st <

WLS—JIFS, < wf—ig, < Fy. Thus, any semi-separating equilibrium satisfying the D1 criterion must
have s’ = 5.

Next, by Bayes’ rule, we have p,_z = m € (po, 1) for ¢ € (0,1). Thus, for this

semi-separating equilibrium to exist, it must be that F' (v} (p,—5t)) = ng—-:gt € (Flp, F1). These

conditions are equivalent to —2— wr < 5 < EL_,L By f(z) > 0 and o < 1, we have

1—Fuq 1-F

F,, < Fi, and thus 1 — F,

uo 18 strictly positive. Thus, the threshold :LF(L wl is well defined;
0
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by the assumption that s < s*, the second inequality holds.

Finally, we verify that the semi-separating equilibrium with s’ = s satisfies the D1 cri-
terion. Consider any off-path signal s < 5'. The high type weakly benefits from a smaller

s if F (v (phgest)) > ng—jrgt The low type strictly benefits from deviating to a smaller s if

F(vi(psest)) > ot By o wLJrst for s < 3¢, the low type has a strictly profitable devi-
ation to a small signal whenever the high type has a weakly profitable deviation. Thus, the
D1 criterion imposes p, = 0 for s < 5. The high type would receive pw!? — ¢4 from this devia-
tion, which is strictly smaller than his equilibrium payoff, — +,t wh + <1 ng—jr?> (pwH — Cd)-
Under p .5t = 0, the low type would receive —s < 0. Thus, neither type profitably deviates,

and the semi-separating equilibrium satisfies the D1 criterion.

Step 3 (Pooling). Consider a pooling equilibrium in which both types send s = s’ € S.
On the equilibrium path, the posterior is ps—y = po. We first show that the D1 criterion
requires s’ = 5'. Suppose to the contrary that s’ < 5%, and consider the off-path signal s = 5.

The low type weakly benefits from deviating to s if

F (0} (pro—st)) w" — (1= F (0 (pe—st))) 5" = Fpw® — (1= Fp,)s’
FMOWL - (1 - Fuo>8/ +§t

F (v (phe_=t >
(i pamst) 2 L
(1-F,)E -9)
= F,,+ ‘2°+§t > F.

The high type strictly benefits from deviating to s if F' (v} (pts—st)) > F},,. Thus, the high type
has a strictly profitable deviation to 5* whenever the low type weakly benefits from the devi-
ation. The D1 criterion imposes p,_gt = 1. Then, the high type strictly benefits by deviating

to s = 5. As a result, any pooling equilibrium satisfying the D1 criterion must have s’ = 3.

Because the low type can guarantee a payoff of zero by sending s = 0, a pooling equilib-
rium in which both types send s = ' exists when F, w” —(1—F},)s" > 0, which is equivalent

to 5t < wk.
_F#O

Lastly, we show that the pooling equilibrium with s’ = 5! satisfies the D1 criterion. Con-
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sider an off-path signal s < s'. The high type weakly benefits from deviating if F (v} (us)) >

F,,. The low type strictly benefits from deviating to s < 5" if

(1_FM0)(§t_S)'

F(U:(MS)) > FMO - wl + s

(1= Flg) (5t —s)

Because Fj,, — T

< F,,, the low type has a strictly profitable deviation to s < s
whenever the high type has a weakly profitable deviation to such s. Thus, the D1 criterion
assigns js = 0. Under this belief, the high type would receive pw® — ¢4, which is strictly
smaller than his equilibrium payoff, F,, w™ + (1 — F,,) (pw™ — ¢4). The low type would re-
ceive —s < 0, which never exceeds his equilibrium payoff, F, w” — (1 — F},,)s" > 0. Thus,
this pooling equilibrium satisfies the D1 criterion.

Step 4 (defender-optimal equilibrium). By Step 1, we know that the only candidates
for defender-optimal equilibria are a semi-separating equilibrium where the low type strictly
mixes between s = 5' and s = 0, and a pooling equilibrium where both types of the de-

fender send s = s'. Step 2 shows that the semi-separating equilibrium exists if and only if

5t > :%MO wh. We also know from Step 3 that the pooling equilibrium exists if and only if

5t < F—“FO w’. Hence, these equilibria are defender-optimal whenever they exist. O
I200]

Proof of Proposition 6. First, by Proposition 5, the ex ante payoffs from the semi-separating

and pooling equilibria are, respectively,

Lo L;LE—_T_?WH + (1 — ng—ngt) (pw' — cd)} + (1 — pp) x 0 and (23)
Ho [FﬂowH + (1 - FMO) (pwH - Cd)] + (1 - M()) [FuowL - (1 - F#O)Et} . (24)

These values become equal at o such that F, = ng—jrgt The former value is greater if and
only if F,, < ng—igﬂ which is equivalent to the condition under which the semi-separating

Fugy L

equilibrium in the audience-cost setting with 3" < s* exists, i.e., 3" > = w",
HO

We now compare the above payoffs with the payoff from the separating equilibrium in
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the burning-money setting without commitment. By Proposition 1, observe that the ex ante

payoff in the burning-money setting without commitment is

po [Fiw™ + (1= F) (pw' — ¢4) — Fiw"] + (1 — po) x 0. (25)

Rearranging the payoffs in expressions (25) and (23) shows that the payoff from the semi-
separating equilibrium in the small-audience-cost setting is strictly greater than the pay-
off from the separating equilibrium in the burning-money setting without commitment if

%w? Because the payoff from the pooling equilibrium with s = s

and only if 3 >
in the small-audience-cost setting is equal to or strictly greater than the payoff from the
semi-separating equilibrium whenever the former exists, the audience-cost setting yields a

strictly higher defender ex ante payoff than the burning-money setting without commitment

o<t FD |, L
if 3¢ > ci—lﬂ w.
Next, suppose 3¢ < % wr. Because the separating equilibrium yields a strictly greater

ex ante payoff than the semi-separating equilibrium for any gy > 0, we compare the payofts
from the separating equilibrium in the burning-money setting without commitment and the
pooling equilibrium in the small-audience-cost setting. Observe that, by expressions (6) and
(9), the interim payoffs of the two settings are equal when s = 0, i.e., 0°(u,0) = 0¢(u,0).
Thus, by expression (24), we can rewrite the ex ante payoff in the pooling equilibrium as
0 (po,5") = 0°(po,0) — (1 — po)(1 — F,,)s". By expression (25), the ex ante payoff in the
burning-money setting without commitment can be rewritten as o (0°(1,0) — Fiw”). Then,

by rearranging these payoffs, we have

(o, 0 1—
T0:0) _ 5oy 0y - prat + Lo st
Ho Ho

when the payoffs are equal. By Assumption 1-(i), the left-hand side is strictly increasing in
to- On the other hand, the right-hand side is strictly decreasing in py because [, is in-

creasing and % is decreasing in p. Because 9 (0,3") = —5' < 0 and 9 (1,3") = 0°(1,0) >
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1 x (i)\b(l, 0) — Fle), there is a unique 7, € (0,1) at which the two payoffs are equal and
above which the audience-cost setting yields a strictly greater ex ante payoff.

—62;?17 wh. In this case, observe that the ex ante payoff in the

Finally, suppose ¢ =
burning-money setting without commitment is equal to that of the semi-separating equilib-
rium in the audience-cost setting. Hence, the two settings yield the same ex ante payoff for

_s
wl4st)

o € [0, uy] where F, wh = and the audience-cost setting achieves a strictly higher payoff

for po > py- ]

Proof of Proposition 7. By Proposition 5, the defender-optimal equilibrium in the audience-
cost setting with 3' < s* is either a semi-separating equilibrium or a pooling equilibrium in
which both types of the defender send s = 5.

First, suppose that the semi-separating equilibrium is defender-optimal in the small-
audience-cost setting. By Proposition 5, we know that the payoff from the semi-separating
equilibrium is linear in pg. In the burning-money setting with commitment, we also know
(Ab

v )sGSb) is greater than

S

that, for any pair of uj < 1/2 and pj > 1/2, the slope of V7° (ug

that of V70 (ug

(@\2) e Sb> . Hence, burning money with commitment is strictly more beneficial

for any po € (0,1) whenever it is beneficial for p € (0,1/2]. This is true when

Semi-separating in audience costs
This condition simplifies to

<t

s < <F1 - 8—) (1= p +ca)

wl + 5

which is Assumption 1-(ii-c).

Second, suppose the pooling equilibrium is defender-optimal in the small-audience-cost
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setting. By the proof of Proposition 6, we know that o' (g, 5") = ©°(po,0) — (1 — o) (1 —
F,,)s" < 0°(up,0). Moreover, Proposition 2 shows that the ex ante payoff in the burning-
money setting with commitment is strictly greater than ©°(ug,0) for any g € (0,1) under
Assumption 1-(i) and (ii-b). Therefore, the defender’s ex ante payoff of the burning-money
setting with commitment is strictly greater than that of the audience-cost setting with ¢ < s*

for any o € (0,1). O

Proof of Proposition 8. First, consider the burning-money setting. The results in Proposi-
tions 1 and 2 use Assumption 1-(i), (ii-a), (ii-b), (iii-a), and (iii-b). By Propositions 1 and
2, the defender conveys his type in the defender-optimal equilibrium in the burning-money
setting with and without commitment. Thus, war occurs when a challenger with v, > v¥(1)

challenges and the high type fights. The ex ante probability of war in this case is po x (1—F}).

Fy
1-F

Second, consider the audience-cost setting with 5 > s*. When —pw’” + ¢4 > wk, by
Proposition 3, a separating equilibrium is defender-optimal. Thus, as in the burning-money
setting, the ex ante probability of war is uo(1 — F1), which is equal to the probability of war

in the burning-money setting.

When —pw! + ¢4 < T I i w?, the defender-optimal equilibrium becomes the one in which

both types commit to fighting by sending s > —pw’ +¢4. Thus, war erupts when a challenger

with v, > v#(1) challenges. Then, the ex ante probability of war is 1 — F;. Therefore, when

Jiil
1-F1

—pwl 4+ ¢q < w?, the probability of war in the large audience-cost setting is strictly

greater than that of the burning-money setting for any po < 1 and any F; < 1. The special

I
1-F1

Fy L

case of Fy = 1 belongs to the condition —pw” + ¢4 < w’ because T W = 00. In this

case, the burning-money and audience-cost settings yield the same ex ante probability of war

by po(l — F1) =1—F; =0 when F} = 1.

When —pw’ + ¢q = T £ 2 w”, both of the above equilibria are optimal. Moreover, there
also exist semi-separating equilibria in which the low type mixes s > —pw” + ¢4 and s = 0.

Case 3 of the proof of Proposition 3 shows that the low type may commit to fighting with
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any probability ¢ € [0, 1], whereas the high type commits to fighting for sure. Consequently,

the ex ante probability of war is (uo + (1 — p0)q) (1 — F1) € [po(1 — F1), 1 — Fy]. Therefore,

when —pwl 4+ ¢4 = T £ i w?, the audience-cost setting yields the same probability of war as

the burning-money setting if ¢ = 0 and a strictly greater probability of war otherwise.

Third, consider the audience-cost setting with s° < s*. By Proposition 5, when s¢ €

(—12? wk, s*), the defender-optimal equilibrium is a semi-separating equilibrium where the
ro
t

low type mixes between s = 0 and s = 5'. By F (v} (tty—zt)) = wf—ﬁt as shown in Proposition 5,

the ex ante probability of war is po (1 — F (v} (pe—st))) = wf—igt o This is strictly greater than

the probability of war in the burning-money setting because we have 1 —F (v (py—gt)) > 1—F

F1 L
-5 w.

when 5 <
By Proposition 5, the defender-optimal equilibrium is a pooling equilibrium with s = s
Flug

when gt S 1_F

e w’. Thus, war occurs when the challenger with v, > v*(ug) challenges and
0

then the high type fights. Hence, the probability of war is yi0(1 — F),,), which is greater than
the probability of war in the burning-money setting, po(1 — F1), by Fj,, < Fi. In sum, when
1

s' < s, the ex ante probability of war is strictly greater in the audience-cost setting than in

the burning-money setting for any pg € (0,1). O

C Audience Costs with Commitment

For completeness, here we characterize the audience-cost setting with commitment power.

Proposition 11. Suppose Assumption 1-(i) holds.

o When —pw* + cq4 > 15}1 wl or 88 < —pwl + ¢4, the defender sends some s > 0 when

w = wl and sends s = 0 when w = w”. The challenger challenges when s = 0 or

Ve > ICTCP, upon which the defender fights if and only if w = w?.

o When —pw’ +c4 < 1_F}T1 wl and 38 > —pw® + cq, both types of the defender send some

s > cq— pwt. The challenger challenges when s < cq — pw® or v, > lc_cp. Both types of

o4



the defender fight when challenged on the equilibrium path.

Proof of Proposition 11. We first specify the signal structure and then show that it achieves

the defender’s highest possible ex ante payoff.

L <t L
W ors < —pw”+ cqg.

Step 1 (Signal structure). First, suppose —pw’ + ¢q >
Consider a separating signal structure in which the low type sends s = 0 and the high type
sends a fixed feasible signal s > 0. The corresponding posteriors are ps—o = 0 and pg~0 = 1.

Bayes plausibility requires

T(Mszo)us=o + (1 - T(us:0)>/~l’s>0 = Mo

= T(Hs=0) = 1 — po and 7(ps>0) = fio-

The defender’s signal structure follows from the above values:

T(0lw?) =0, 7(s > 0|w?) =1, 7(0lw") =1, and 7(s > O|w™) = 0.

As a result, the challenger challenges when s = 0 or v, > 1%}), upon which the high-valuation

defender fights.

Next, suppose —pw” + ¢4 < F}?l wh and 5 > —pw!’ 4 c4. As in the case without com-

17
mitment (Proposition 3), the defender is better off committing to fighting (s > —pwl + ¢;)

rather than separating. That is, when

Committing to fighting
N

Fi (o™ + (1= po)w?) + (1= ) (p (pow™ + (1= o)) — ca)

> o (Fw™ + (1= Fyw™)

?
J/

Committing‘tro separating
committing to fighting is weakly better than the separating signal structure. Rearranging,

Py L
- w.

we obtain the condition —pw?’ + ¢4 <

Step 2 (Payoff optimality). The above signal structures yield the highest possible ex

25



L

ante payoff in each case. First, suppose —pw!” + ¢q > 15 %1 wh or 5 < —pw® + ¢4. The ex

ante payoff in the case with commitment is po0'(1,0) = pe0°(1,0). By 0(u, s) < 0°(u,0) for
s < —pwl + ¢4, Assumption 1-(i) guarantees ' (u,s) < 0°(u,0) < pv°(1,0). Then, by Bayes

plausibility, we obtain the ex ante payoffs

> (pe)0" (ptsr8) <Y 7(e) st (1,0) = p1o0'(1,0).

sest sest

Next, suppose —pw” + ¢4 < -1 - wl and 8 > —pwl + ¢4 Because Fyw® + (1 —F)WL >0

1-F

in this case, it is straightforward to see
o' (p, s) < po'(1,0) < p0'(1,0) + (1 — p) (Frw™ + (1 — F)Wh).
Then, by Bayes plausibility, we have the ex ante payoffs

Z T(NS)@t(U& s) < Z T(/LS)NSW(L 0) + Z () (1 = pis) (FIWL +(1 - Fl)WL)

sES? seSt s€S?

= o0 (1,0) + (1 = po) (Fiw" + (1 = F)W*),

which establishes the payoff optimality. When —pw’+4c; = il £ i w’, both signaling structures

are optimal. O
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